We construct the manifestly Lorenz-invariant formulation of the N = 1 D = 4 massive superparticle with tensorial central charges. The model contains a real parameter k and at k = 0 possesses one κ-symmetry while at k = 0 the number of κ-symmetry is two. The equivalence of the formulations at all k = 0 is obtained. The local transformations of κ-symmetry are written out. It is considered the using of index spinor for construction of the tensorial central charges. It is obtained the equivalence at classical level between the massive D = 4 superparticle with one κ-symmetry and the massive D = 4 spinning particle
Introduction
Last time there is the great interest in the analysis of the supersymmetric models possessing supersymmetry with additional nonscalar central charges [1] - [8] . Although the tensorial central charges in the supersymmetry algebra are associated with topological contributions of the superbrane theories it is attractive to obtain the superparticle models having this symmetry. Recently such supersymmetric particle models were obtained in massless case [9] , for D = 4 with two or three local κ-symmetries.
In present work we construct the model of the massive N = 1 D = 4 superparticle with tensorial central charges possessing one or two local κ-symmetries 1 . In such a way we obtain in usual spacetime dimensions D = 4 the superparticle with a single κ-symmetry which is equivalent physically to the usual spinning (spin 1/2) particle [11, 12] in the positive energy sector.
In the pseudoclassical approach the Lagrangian of spinning particle has the following form [11, 12] 
The spin variables in this description are the Grassmannian (pseudo)vector ψ µ and the Grassmannian (pseudo)scalar ψ 5 . Besides mass constraint T ≡ p 2 + m 2 ≈ 0 in Hamiltonian formalism the physical sector of the model is subjected to the Grassmannian constraints from which one Dirac constraint
plays the role of the first class constraint and five self-conjugacy condition for the Grassmannian The usual model of the massive CBS superparticle [13] with Grassmannian spinor coordinates θ α , θα has only the fermionic spinor constraints In order to obtain desired three physical fermionic degrees of freedom it is necessary that from fermionic four spinor constraints three constraints are of the second class whereas one constraint should be of the first class. Such situation with nonsymmetric separation of the fermionic constraints into the ones of first and second class has been proposed in massless superparticle models [9] as well as in the massive particle case [14] . Precisely the situation with one first class fermionic constraint has been present in [14] in the construction of
The relation between that model and our one will be given below.
Thus in the massive case the equivalence of spinning particle and superparticle with tensorial central charges with one κ-symmetry is expected. Let us note that in massless case [15, 16] the spinning particle is equivalent, at least on classical level, to the usual CBS superparticle without any central charges. This fact of identifying the local fermionic invariances of spinning particle and κ-symmetries of superparticle is essential for superfield formulation of massless superparticle theory [15, 16] and consequent generalizations on superbranes [17] .
Accounting above mentioned preliminary arguments for the possible relation between massive spinning particle and massive superparticle with tensorial central charges we take the following way for construction of the superparticle model. We shall realize the covariant transition, under preservation of the physical contents, from the model of the massive spinning particle to the system with Grassmannian spinor variables. As result of this procedure we arrive at model of the N = 1 D = 4 massive superparticle with tensorial central charges possessing one local fermionic invariance (κ-symmetry).
Covariant transition from the Grassmannian vector ψ µ and scalar ψ 5 to the Grassmannian spinors θ α ,θα requires using of the commuting spinor variables. We introduce dynamical commuting spinor variables ζ α ,ζα = (ζ α ). Their canonical conjugate momenta are v α ,vα. Introduced spinors are subject to the condition
This constraint inherent in the index spinor approach [18, 10, 19] gives us the completeness condition
Here matrixp is the contraction of the space-time momentum and σ-matrices with upper spinor indices,p ≡ p µσ µ ,p = (pα α ). Corresponding matrix with lower indices is denoted bŷ
. Numerical constant j = 0 plays the role of "classical spin" in the index spinor formalism [18, 10, 19] . We assume that the dynamics of the bosonic spinor variables is determined by the Lagrangian of the following form
One can exclude the variable ζ using its equation of motion. Thus we obtain the second order
with Λ ≡ mλ. This Lagrangian describes the motion of a point in complex two-dimensional space parametrized by the Weyl spinor v. Canonically conjugate space parametrized by ζ is restricted by the constant (4) and is obviously isomorphic to the compact group manifold SU (2). Formally, the constant j/m plays here the role of point "mass".
The total system which we consider as initial under transition to Grassmannian spinors is in fact the sum of the two sectors coupled through the space-time coordinates. One of these sectors is the usual massive spinning particle with Lagrangian (1) whereas the second is the sector of the bosonic spinor with Lagrangian (5). Thus the Lagrangian of the initial system has the following form
As result of the constraint ζpζ = j the sign of the constant j defines the sign of the energy. In following we consider the positive energy sector where j > 0.
In this paper we use the D = 4 spinor conventions of [20] .
2 Massive superparticle with tensorial central charges. Lagrangian
The conversion of spinning particle model described by the Grassmannian variables ψ µ , ψ 5 to the model with the Grassmannian spinor variables θ α ,θα is realized by the general resolution [10] of the form
The initial Grassmannian variables ψ µ , ψ 5 (5 variables) are expressed in terms of two Grassmannian scalars ρ,ψ 5 and three components of spinor θ. Just for projections of ψ µ ≡ − 1 2σ µα αψ αα in the basis formed by spinors ζ α , (ζp) α we have
whereψ = ψ µ σ µ . The fourth component of the spinor
does not participate in the expression for ψ-variables. The inversion of (7), (8) and (11) looks as follows
In the new variables the Dirac constraint takes a simple form. On mass shell p 2 + m 2 = 0 we have
Moreover, we can extract from the new variables a pure gauge degree of freedom for fermionic local symmetry of the spinning particle [11, 12] (world-line supersymmetry)
In the new variables this transformation takes the form
Thus, the only transformed are the variable ρ and one component of spinor θ
Subsequently the combination ρ + mr −3/2 (θζ +ζθ) of this component θ and ρ is invariant under the gauge transformations, δ[ρ + mr −3/2 (θζ +ζθ)] = 0, whereas the variable
is the pure gauge degree of freedom, δ[ρ − mr −3/2 (θζ +ζθ)] = −mr −1 ǫ.
Accounting the equation of motion for bosonic spinorζ = 0 and substituting the resolving expressions (7), (8) for ψ µ , ψ 5 in the Lagrangian (6) we arrive at the Lagrangian
It should be stressed that the equationζ = 0 for bosonic spinor, which has been used for derivation of the Lagrangian (14), is reproduced by the same Lagrangian (14) . As we see from the Lagrangian, the gauge variable (13) ρ − mr −3/2 (θζ +ζθ) is the corresponding conjugate variable forψ 5 which generates the local transformations. The simpler gauge fixing condition for it
gives us the possibility to resolve the scalar ρ in term of spinor projection (θζ +ζθ). We take the more general condition of this type
which is the gauge fixing condition at all k except k = 0. At k = 0 (15) is reduced to the condition on gauge invariant variable
and of course it is not a gauge fixing.
Substituting in the Lagrangian (14) the constraint conditionψ 5 = 0 (the equation of motion for the Lagrange multiplier χ) and the expression
(following from the gauge fixing condition (15) ) we obtain the Lagrangian
In this expression ω θ ≡ω θ dτ = dx − idθσθ + iθσdθ is the usual N = 1 superinvariant ω-form. The quantities Z αβ = Z βα ,Zαβ = (Z αβ ) and Z αβ = (Z βα ) are expressed in terms of bosonic spinor ζ (for similar formula see [9] )
Z αβ andZαβ are tensor central charges (types (1, 0) and (0, 1)) and Z αβ is vector one (type (1/2, 1/2)) for the D = 4 N = 1 supersymmetry algebra [1] - [8] .
The same result is obtained if we consider the connection of the systems (6) and (17) in the Hamiltonian formalism. Precisely there is the canonical transformation which connect the models with each other. Now in order to make equal the number of Grassmannian variables in the models we introduce pure gauge variable φ in the initial model of the spinning particle. Its pure gauge nature is achieved by the presence of the first class constraint
in the initial model. So in the canonical transformation we imply that the term p φφ − µp φ is added to the Lagrangian (6). Here µ is Lagrange multiplier. The resolution of φ in terms of the spinors is given by the expression (11) .
As the generating function of the canonical transformation from system with coordinates ψ µ , ψ 5 , φ, x µ , ζ α ,ζα to the system with coordinates θ α ,θα, ρ,ψ 5 , x ′µ , ζ ′α ,ζ ′α we take
Here the expressions for old variables in term of new ones from the right hand side of the equations (7), (8), (11) have been used. That construction of the generating function (20) reproduces by definition of the canonical transformation the resolution (7), (8), (11) of the initial Grassmannian coordinates 
The expression of new Grassmannian momenta in terms of initial ones are
The expressions of the initial bosonic spinor momenta v α = ∂F/∂ζ α ,vα = ∂F/∂ζα and space-time coordinate x µ = −∂F/∂p µ in terms of the new phase space coordinates contain besides corresponding new phase variables the additional terms depending on the new Grassmannian phase space variables.
These terms arise because of the dependence of the resolution expressions (7), (8), (11) Grassmannian constraints take the following form 
which are the same as the projections on spinors ζ,pζ of the Grassmannian spinor constraints
with quantities Z αβ , Z αβ defined in (18) . From invariance of the variables ζ α ,ζα, p µ under the canonical transformation all bosonic constraints, i.e. p 2 + m 2 ≈ 0 and ζpζ − j ≈ 0, are not changed.
The system with remaining variables and the constraints is described by the above mentioned Lagrangian (17) . The Lagrangian (17) reproduces accurately this set of the constraints and nothing else.
Thus we establish that the model described by 
Lagrangians L b.s. of the bosonic spinor in the both equivalent models are quite identical.
It should be noted that the value of constant k in the formula (18) for central charges of the superparticle is nonzero, k = 0, in the case of the equivalence to the spinning particle. But in general the value k = 0 is not forbidded in model of superparticle with central charges. Next we consider the cases both with k = 0 and k = 0. As we see below at k = 0 and k = 0 we have superparticle models with one and two κ-symmetries respectively.
Alternative way for a proof of classical equivalence of the massive spin 1/2 particle (1) and the massive superparticle with central charges (17), at k = 0, possessing one κ-symmetry is the reduction of both model to physical degrees of freedom [21] . In the examining positive energy sector after the choice of gauge ψ − = ψ 0 − ψ 5 = 0 for Dirac constraint and exclusion of ψ + = ψ 0 + ψ 5 by means of the constraint condition we obtain for the physical Grassmannian degrees of freedom of spinning particle [22, 21] the Lagrangian in the form of L super,Gr = iqq − iqq + 2k 2 iηη after using of the variables
Setting
we obtain exactly the same Grassmannian part of the Lagrangian
Such Lagrangian for the physical Grassmannian variables comes out also from work [14] in nonLorentz covariant Grassmannian sector N = 4 → N = 1 PBGS. In first order formalism the target space action of this work has the Lagrangian
where Π 0 =Ẋ 0 + ΘΘ + Ψ˙ Ψ, Π =˙ Y −Θ Ψ + Θ˙ Ψ (we remain here the notations of [14] ). In accounting the last expressions, the Lagrangian (31) takes the form
After using of the variables
we obtain exactly the Lagrangian (30) for Grassmannian variables.
In order to analyse the properties of the obtained massive superparticle with tensorial central charges let us consider the model of spinning particle with index spinor [18, 10, 19] as additional bosonic coordinates. It is naturally because we have used for bosonic spinor the relation ζpζ − j ≈ 0 which is inherent in the index spinor approach. In the Hamiltonian formalism the index spinor sector is restricted by the spinor self-conjugacy conditions
which are the second class constraints in the massive case. It is achieved in above model (6) 
Included in the Lagrangian the constraint ζpζ − j ≈ 0 generates in Hamiltonian formalism the spin
which together with second class constraints (32) lead [18] to the particle state of the single spin associated with given sector of index spinor. Spin of the particle in the quantum spectrum is the value of the constant j renormalized by ordering constants (thus j can be named "classical spin").
The realization of the previously considered canonical transformation to the model with Lagrangian (6), leads to the Lagrangian
Here the form ω ≡ω dτ = dx − idζσζ + iζσdζ − idθσθ + iθσdθ is invariant with respect to the transformations of the usual N = 1 supersymmetry with Grassmannian spinor parameter and "bosonic supersymmetry" with c-number spinor parameter [18, 10, 19] . The central charges Z αβ , Z αβ have the same form (18) . So the kinetic terms of the space-time coordinate and Grassmannian spinor in L ′ (35) are identical to the corresponding terms in L (17) and hence the algebras of the fermionic constraints in both models are identical. But the kinetic terms of the index spinor in Lagrangian L ′ are different from the kinetic terms of the bosonic spinor in Lagrangian L by additional terms with quantities
which can be regarded as the central charges of the "bosonic SUSY" as well as
The appearance of these extra terms is the result of modification of index spinor momenta p ζ ,p ζ under the canonical transformation and, as consequence, the modification of the spin constraint (34) and bosonic spinor constraints (32) expressed by new variables.
Specific peculiarity of the model (35) with index spinor is an interconnection between usual fermionic supersymmetry and "bosonic one" and at present its meaning is not yet quite clear. Some duality appears in the invariance under permutation of Grassmannian and bosonic spinors both ω-form and certain terms with central charges of different types.
Massive superparticle with tensorial central charges. Invariances
The massive superparticle (17) with tensorial central charges possesses the usual target space super-
with constant Grassmannian parameter ǫ α . As usual in the cases of the formulation without central charge coordinates [23] the Lagrangian L is quasi-invariant. With accounting of the bosonic spinor equation of motionζ = 0 its variation is the full derivative
Then the generators of the supersymmetry transformations
contain "anomalous" extra piece with central charges (18) [23, 1] . The algebra of SUSY generators
is the N = 1 D = 4 SUSY algebra extended by tensorial central charges [1] - [8] .
Of course we can introduce the coordinates of central charges introducing terms with derivatives of these coordinates to the multipliers at central charges in (17) [23, 9] . Then the model becomes not only quasi-invariant but SUSY invariant.
The price for the presence of the supersymmetry is the infinite number of the spin states in the spectrum. At the restriction of the bosonic spinor sector to the index spinor one the number of the states in spectrum becomes finite but the supersymmetry disappears. But in both cases, (17) and (35), the models possess local κ-symmetries.
For local transformation of the Grassmannian spinor
and standard Siegel transformation [23, 24] of the space-time coordinate
with local complex Grassmannian parameter κ(τ ) the variation of the Lagrangians up to a total derivative is
As we see, δL = 0 for real κ =κ at arbitrary values of constant k. But at k = 0 we have δL = 0 for arbitrary complex parameter κ. Thus at k = 0 when the tensor central charge Z αβ is present the models have one κ-symmetry with real Grassmannian parameter κ =κ. But at k = 0 when there is only the vector central charge Z αβ we have two κ-symmetries with complex Grassmannian parameter κ.
A first class constraint is associated to each local invariance in Hamiltonian formalism. As is already noted our systems are described by the fermionic constraints (covariant derivatives) (25),
. Their Poisson brackets algebra is
with central charges (18) . Covariant separation of the fermionic first and second class constraints is achieved by the projection on the spinors ζ α , (pζ) α . Let us put
The nonzero Poisson brackets of these projections are
Thus the constraints χ θ ,χ θ are always the second class constraints whereas the constraint f θ is always the first class constraint generating one κ-symmetry with local parameter (κ+κ) on variable (θζ −ζθ), f θ , θζ −ζθ = 2r, δ(θζ −ζθ) = ir(κ +κ). The constraint g θ is the second class constraint at k = 0.
But at k = 0 the constraint g θ becomes the first class constraint and generates additional κ-symmetry with local parameter i(κ −κ) on variable (θζ +ζθ), g θ , θζ +ζθ = −2ir, δ(θζ +ζθ) = ir(κ −κ).
Thus we obtain the models of the D = 4 N = 1 massive superparticle with tensorial central charges possessing one or two Siegel κ-symmetries. In the language of the brane theories these models correspond to the BPS superbrane configurations preserving 1/4 or 1/2 of supersymmetry (see [8] and references there).
It should be noted that constant k in the construction of the superparticle appears in the gauge fixing condition under transition from the spinning particle. Therefore at all k = 0 the superparticle has quite similar systems of the constraints and the same number of physical degrees of freedom.
The models at all k = 0 are equivalent. Under transformations which can be considered as canonical transformations 
Conclusion
In this work we presented the manifestly Lorenz-invariant formulation of the D = 4 N = 1 free massive superparticle with tensorial central charges. The model contains a real parameter k and at k = 0 it has one κ-symmetry while at k = 0 the number of κ-symmetries is two.
In process of the construction it is established the equivalence at classical level between the massive D = 4 N = 1 superparticle with one κ-symmetry and the massive D = 4 n = 1 spinning particle.
But they may lead to distinct quantum theories [21] . Below we establish that the spinning particle 
)β exhibits simply that two spins J ± 1 2 are presented in spectrum at fixed J as it should be when one adds spin J which is given by index spinor and spin 
We gauging out the variable σ, the introduce the Dirac brackets for taking into account of the fermionic second class constraints and the represent the remaining fermionic variables q,q, η (in fact ψ) by means of the usual Pauli σ-matrices. Thus the wave function of this problem has two components depending appropriately on index spinor and space-time variables. The quantization of the bosonic spinor sector shows certain difference with [18] . Additional term of the formin spin constraint (34) arising due to interaction of bosonic and fermionic sectors leads to different homogeneity degrees (which correspond to different representations of Lorentz group) for two components of wave function. Bosonic spinor constraints (32) ((anti)homogeneity conditions) acquire the additional terms both withand also qη (orqη). These last terms, which are proportional σ + (or σ − ), σ ± ≡ (σ 1 ±iσ 2 )/2 in matrix realization of be identified with basic field of the spinning particle spectrum.
In case of models (6) and (17), when there is not present the truncation of bosonic spinor sector to the index one because of absence of bosonic spinor constraints, the quantum equivalence apparently remains too. One can expect it from the quite identity of bosonic sectors of the models (6) and (17) and identifying of physical fermionic degrees of freedom which has been demonstrated in Sec. 2.
In case of the Lagrangian ( 
